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LARGE VALUES OF L-FUNCTIONS FROM THE SELBERG 

CLASS 

CHRISTOPH AISTLEITNER AND LUKASZ PANKOWSKI 


Abstract. In the present paper we prove lower bounds for L-functions from 
the Selberg class, by this means improving earlier results obtained by the sec¬ 
ond author together with Jorn Steuding. We formulate two theorems which 
use slightly different technical assumptions, and give two totally different 
proofs. The first proof uses the “resonance method”, which was introduced 
by Soundararajan, while the second proof uses methods from Diophantine ap¬ 
proximation which resemble those used by Montgomery. Interestingly, both 
methods lead to roughly the same lower bounds, which fall short of those 
known for the Riemann zeta function and seem to be difficult to be improved. 
Additionally to these results, we also prove upper bounds for L-functions in 
the Selberg class and present a further application of a theorem of Chen which 
is used in the Diophantine approximation method mentioned above. 


1. Introduction. 

It is well known that the absolute value of the Riemann zeta function ((a + it) 
takes arbitrarily large and arbitrarily small values when t runs through the real 
numbers and er £ [1/2,1) is a fixed real number. However, the growth of the 
Riemann zeta function as a function of t (for fixed er) cannot be too fast, since its 
absolute value is bounded by a power of t. More precisely, if t t c( cr ) denotes the 
infimum over all c > 0 satisfying C( cr + *£) "C t c for sufficiently large t, then one 
can show that /x^(cr) < (1 — er)/2 for 0 < er < 1. Although the upper bound for 
H,'(a) has been improved by many mathematicians, especially for er = 1/2, it is yet 
unproved (but widely believed) that /i<;(cr) = 0 (for more details we refer to [12] 
or [23]). As evidence for the truth of this conjecture one can regard the Riemann 
hypothesis, which implies that 

(lost) 2 - 217 1 

log «„ + «)« loglo8 , , for 2<o<l. 

Therefore, it is natural to ask for omega results on £(a+it). The first answer was 
given by Titchmarsh (see [23] Theorem 8.12]), who proved that for any cr £ [1/2,1) 
and every e > 0 the inequality |£(cr + it)\ > exp ((logf) 1-<T-E ) holds for arbitrarily 
large values of t. In 1977, Montgomery m improved this result for cr £ (1/2,1) by 
proving that for any fixed a £ (1/2,1) and every sufficiently large T there exists t 
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such that T^" 1 / 2 )/ 3 <t<T and 


|C (o' + it) | > exp 



( lV /2 (logT) 1 - ^ 

V 2j (log log TY) ' 


(1) 


Moreover, he showed that under the Riemann Hypothesis the above inequality can 
be extended to a e [1/2,1) with a slightly better constant and better range of t. 

The first unconditional proof of Montgomery’s theorem for a = 1/2 was given 
by Balasubramanian and Ramachandra [4]. The best result currently known is due 
to Bondarenko and Seip [5], who very recently achieved a breakthrough by proving 
that 


max 

r 1 / 2 <t<T 


c 



> exp 



log T log log log T 


log log T 


Their proof is based on the so-called resonance method, which was introduced by 
Soundararajan [20], and on a connection between extreme values of the Riemann 
zeta function and certain sums involving greatest common divisors (GCD sums). 
This connection was discovered by Hilberdink [III- Recently, the first author [I] 
succeeded in applying the resonance method with an extremely long resonator such 
that he could recapture Montgomery’s results by the resonance method, off the crit¬ 
ical line, an idea which also plays a crucial role in the omega result of Bondarenko 
and Seip. 


Similar problems of finding extreme values were also investigated for other zeta 
and L-functions, and it was shown that Montgomery’s approach can be applied to 
some generalizations of the Riemann zeta function. For example, Balakrishnan [3] 
showed that Dedekind zeta functions take large values of order exp(c(log L) 1 ~' T /( log log T ) a ), 
and Sankaranarayanan and Sengupta m generalized Montgomery’s theorem to a 
wide class of L-functions defined by Dirichlet series with real coefficients under 
some natural analytic and arithmetic conditions. 

Recently, the second author and Steuding [15] investigated further refinements of 
Montgomery’s reasoning and proved that for every L-function L(s) = E n >i a L{n)n~ s 
from the Selberg class which satisfies L(s) ^ 0 for a > 1/2 we have 

max \L(a + it)\ > exp ( c-J 1 —^ (2) 

te[T,2T]' K n ~ (loglog T) 2 ~°J w 

for some explicitly given constant c > 0 and sufficiently large T, under the addi¬ 
tional assumption that the coefficients of L satisfy a prime number theorem with 
remainder term in the form 

J2Wl{p)\ =Kp — + 0 (^-2- ) , («>°)- ( 3 ) 

^ log a; Vlog z xJ 

Note that Montgomery’s argument requires a prime number theorem in order to 
get a lower bound for the sum of |cil(p)| over primes in some interval, which might 
be estimated from below by the sum of |ai(p)| 2 , provided |az,(p)| -C f. Hence, 
the condition © can be replaced by the more natural assumption that L has a 
polynomial Euler product and satisfies the Selberg normality conjecture in the 
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stronger form 


X! Mp) i 2 

p<x 


= K-^ + O 
logx 



(k > 0 ). 


(4) 


The main difference between Montgomery’s proof and the proof in [18] is that 
due to the appearance of non-real coefficients ai,(n) one requires an inhomogeneous 
Diophantine approximation theorem (which is used in an effective form due to 
Weber [23]), while in the case of the Riemann zeta function one has positive real 
coefficients and can use classical results from homogeneous Diophantine approxi¬ 
mation. This difference also explains the fact why (O has a worse exponent of the 
log log term inside the exponential function than the one appearing in ([I]). 


Recall that the Selberg class S consists of those functions L(s) defined by a 
Dirichlet series ai(n)n _s in the half-plane Res > 1 which satisfy the follow¬ 

ing axioms: 

(i) Ramanujan hypothesis: aL{n) <C e n e for every e > 0; 

(ii) analytic continuation: there exists a non-negative integer m such that (s — 
1 ) m L(s) is an entire function of finite order; 

(iii) functional equation: L{s) satisfies the following functional equation 

A(s) = $A(1 — s), 


where 


k 

A(s) := L(s)Q s T(X jS + pj), 

i=i 


\9\ = 1, Q £ K, A j € R + , and p,j £ C with Re pj > 0; 

(iv) Euler product: for prime powers p J there exist complex numbers bigg 3 ) such 
that for Re s > 1 we have 


l { s )= n L p( s )> 

p 


where 


L p (s) = exp 




and such that b(p 3 ) <C pi s for some 6 < 1/2. 


Some of our results will be for the Selberg class with polynomial Euler product 
denoted by S ', for which axiom (iv) in the list above is replaced by axiom (iv’) 
below: 

(iv’) polynomial Euler product: for Re s > 1 we have 


rw=nn x - 


p l=i 


a.j(j>) 


( 5 ) 


where otj(p) are complex numbers. 
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It is easy to notice that under axiom (iv’) for any positive integers fij we have 

( n \ n m 

i\pf ) = n e n a i(Pi) kj - 

j— 1 / j =1 k u ...,k m >0 2=1 

ki~\~.. .-\-k rn =/3j 

Hence (see [22] Lemma 2.2]) under axiom (iv’) the axiom (i) is equivalent to the 
assumption that |aj(p)| < 1 for j = 1,2,... ,m and every prime p. Moreover, one 
can easily observe that in this case 

|ol(p)| < m for all primes p, 

where m is closely related to the degree g?l = 2 fZJ'-i ■ since it is widely be¬ 
lieved that most important L-functions satisfy a functional equation with k = m 
and Xj = 1/2. We will need to work with S' instead of the original Selberg class 
S only in the application of the resonance method, which requires bounded coeffi¬ 
cients ol(p). However, it seems that this restriction does not exclude any important 
L-function in number theory, since so far all known examples of L-functions like 
the Riemann zeta function, Dirichlet L-functions, Hecke L-functions, as well as the 
(normalized) L-functions of the holomorphic modular form and general automor- 
phic L-functions have polynomial Euler products and, at least under some widely 
believed conjectures, are elements of S'. Moreover, it should be noted that although 
other results in the paper are stated under the assumption L £ S and some version 
of (0 holds, one can easily show that they can be proved in a slightly weaker form 
if we replaced these assumptions by assuming that L £ S' and some variant of 0 
is true, which seems to be a slightly more natural requirement than ©■ 


It is well known that using the Phragmen-Lindelof principle one can show (see, 
for example, [23 Theorem 6.8]) that, similarly to the case of the Riemann zeta 
function, all L-functions from the Selberg class have polynomial order of growth 
inside the critical strip, namely 

L(ct + it) -C 0 < cr < 1, t > to > 0, (6) 

where denotes the degree of L and the numbers Xj are defined by the functional 
equation satisfied by L(s). Moreover, it is conjectured that all elements of the 
Selberg class satisfy an analogue of the Riemann Hypothesis, which can be used to 
give the upper bound on the maximal values taken by L(s) stated below. 


Proposition 1.1. Assume that S 9 L(s) ^ 0 in the half-plane Res > 1/2 and 
satisfies 

E \ u l(p)\ = (K + o(i))j^ («>0). (7) 

Then for every fixed a £ [1/2,1) there exists a constant c > 0 such that 


L(a + it) -C exp 


_ (logt) 2 - 2g \ 
log log t J 


Moreover, if we assume 0, we have 


L( 1 + it) < (log log t) K . 
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The main results of the present paper are the following two theorems on lower 
bound for large values of L-functions. We will first state both of them, and then 
comment on their relation to each other and on their proofs. 


Theorem 1.2. Assume that L = X!n>i a L(n)n s £ S' satisfies the following Sel- 
berg’s normality conjecture, 

Mp )| 2 = + («>°)- ( 8 ) 

p<x 


Then for every fixed, a £ [1/2,1) and sufficiently large T we have 

(log T) 1 — 


max \L(a + it) | > exp ( Cl(o ) + o(l)) 


(log log T) e C) 


te[T,2T] 

where 0(1/2) = 1/2 and 0(a) = 1 otherwise, and where 

A~ 2cr (3-2<t) 3/2 — t if i <(7<1 . 

1 

2 - 


C L (a) = 




2(2a— l) 1 / 2 


if a = 1. 


In the statement of the following theorem, we write No(a,T) for the number 
of non-trivial zeros p = ft + i"f which have real part ft > a and imaginary part 
7S (0,T], 


Theorem 1.3. Let L(s) be an element of the Selberg class, which for Res > 1 is 
defined by the Dirichlet series X/i>i aL(n)n~ s . Let real numbers 0 and a £ [1/2,1) 
be given. Assume that there exists a number r] > 0 such that 

No(a, T) « T 1_I) , (9) 


and that 


\ a L ( p )\ = (k + o(1)) 


p<x 


logo; 


Then for every sufficiently large T we have 


max Re e 10 log L(a + it) > c K , 
te[T,2T] 


>0). 


(log T) 1 -* 

1 log log T ’ 


( 10 ) 


where 


CK,rj — 


(1 — e : )k 
4 



Theorem o is proved using the resonance method in the spirit of [20] . while 
Theorem 11.31 is proved using a variant of Montgomery’s method using Diophantine 
approximation as in |l§j . The necessary assumptions reflect the strong and weak 
points of each of these respective methods. For the application of the resonance 
method we need a strong upper bound on the size of the coefficients, but no infor¬ 
mation on the zeros of the L-function. Furthermore, the resonance method gives a 
better result for a = 1/2, which is quite natural given the observations in 1111 ED] , 
On the other hand, for the application of the method using Dirichlet approximation 
no bound on the size of the coefficients is necessary, but (since one changes from L 
to log L) some knowledge on the zeros of the L-function is required. It should be 
noted that proving the kind of zero-density estimate which is assumed in Theorem 
P is usually extremely difficult for a generic L-function unless a is very close to 
1. This problem is closely related to the problem of giving upper bounds for the 
order of magnitude of L-functions, which as we have seen in © depends on and 
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is known to be small (even in the mean-square sense) only when a is close to 1. 

It is quite remarkable that both methods mentioned above come to their limit 
at exp (c (iogh? gT ) ) for cr £ (1/2,1), and that in both cases it seems to be a very 
difficult problem to get beyond this barrier. We conjecture that for a £ (1/2,1) 
under assumptions such as those in the statements of Theorem 11.21 and 11.31 one 
should actually be able to achieve roughly the same lower bounds as in the case of 
the Riemann zeta function (ID, that is, with the power of the log log term in the de¬ 
nominator of the exponential function reduced from 1 to a. However, as noted, this 
seems to be very difficult. In both proofs it is clearly visible why it is not possible 
to go significantly beyond the result obtained in Theorems 11.21 and 11.31 In the case 
of the resonance method the restriction essentially comes from the requirement of 
keeping the length of the resonator well below T, and the problem corresponds to 
successfully implementing the “extremely long resonator” in this setting, which is 
prohibited by the fact that the coefficients are not necessarily positive real numbers 
and thus a certain “positivity” property, which plays a crucial role in Pd [5], fails 
to hold. In the case of the method using Diophantine approximation, the problem 
corresponds to bounding away linear forms of logarithms of primes from the origin; 
instead of the general Diophantine approximation results used in the current proof 
of Theorem P one would need to use a Diophantine approximation tool which is 
tailor-made for dealing with logarithms of primes, and take into account the Dio¬ 
phantine properties of these logarithms of primes. 

The precise relation between the resonance method and the Diophantine ap¬ 
proximation method seems to be not really understood yet, which is the reason 
for including both proofs in the present paper, even if they come to rather similar 
conclusions. It is interesting to compare the restrictions which prevent further im¬ 
provements of the proofs of Theorems 11.21 and 11.31 given below. In the case of the 
proof of Theorem 11.21 the restriction comes from the requirement of keeping the 
length of the resonator well below T, to make sure that the contribution of the off- 
diagonal terms is negligible. These off-diagonal terms contain quotients ( m/n ) lt , 
where m and n have non-zero coefficients in the representation of the resonator 
as a Dirichlet polynomial, and it is important that these quotients are bounded 
away from 1 to make sure that J^ T (m/n) 1 * dt is small. In the case of Theorem 11.31 
the restriction comes from the quantity A which appears in Lemma 13.II below, and 
which is defined as the minimal value of a linear form in logarithms of primes. Thus 
in a sense the restriction is of a similar nature in both proofs, just that it appears 
once in multiplicative form (as the quotient of terms in the resonator which has 
to be bounded away from 1) and once, after taking logarithms, in additive form 
(as a linear form of logarithms of primes which has to be bounded away from 0). 
What is furthermore striking is the fact that the lemma from inhomogeneous Dio¬ 
phantine approximation, which plays the crucial role in our proof of Theorem 11.31 
is itself proved (see [6]) using a probabilistic method which has some resemblance 
of a “resonance” argument. A further remark concerns the paper of Balasubrama- 
nian and Ramachandra [4|, whose method at first glance looks very different from 
the other two methods mentioned here so far. However, on second thought one 
is tempted to read their method as a kind of resonance argument where a high 
moment of ( plays the role of the resonator. This would fit together with the way 
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how the resonators are constructed in J20j and in subsequent papers, namely as 
multiplicative functions which are supported on numbers having many small prime 
factors. The bottom line is that the connections between all these methods are not 
well understood, and that there would be some merit in clarifying these connections. 


The results obtained in Theorems 11.21 and 1 1 ..'ll should be compared to the earlier 
result in 0. Note that in both cases the exponent of the log log term inside 
the exponential function is reduced from 2 — a to 1 for a £ ( 1 / 2 , 1 ), and that in 
Theorem ll.2l it is reduced from 1 to 1/2 for tr = 1/2. Note again that for Theorem 
11.21 no analogue of the Riemann Hypothesis has to be assumed; for Theorem 11.31 
the assumption of an analogue of the Riemann hypothesis in [18] is reduced to 
the assumption of a zero density estimate. Furthermore, for both theorems the 
conditions 0 and 0 have been relaxed to the assumption of the Selberg normality 
conjecture and a prime number theorem for the coefficients ol(u), respectively, 
without an upper bound on the order of the error term. The proof of Theorem 
11.21 is inspired by the proofs given in [20) . The proof of Theorem 11.31 follows the 
one in [18] , but instead of using an £°° (maximal error) result from inhomogeneous 
Diophantine approximation it uses an I 2 (average error) result of Chen [ 6 ]. 

Chen’s theorem can also be used to improve the lower bound for extreme values 
on the line <7 = 1. The Riemann zeta-function case is well-investigated and the best 
known result is due to Granville and Soundararajan llOj . who showed that 

max |£(1 + it) | > e 7 (loglogT + logloglogT — log log log log T + 0(1)), 


which is the expected order of magnitude under the Riemann Hypothesis; here 7 
denotes the Euler constant. As we showed in Proposition II.II above a similar order 
of magnitude is expected for L-functions, whereas the best known result concerning 
Dirichlet L -functions L(s,\) is due to Steuding [21]. Using an effective version of 
Kronecker’s theorem, he proved the existence of infinitely many s = cr+it with a —> 
1 + and t — > +00 such that \L(a+it, x)| is of size at least log log log t/ log log log log t , 
which, by the Phragmen-Lindclof principle, leads to 


\L(l + it,x)\ = ft 


( log log log t \ 
V log log log logty 


An application of Chen’s lemma allows to prove the following refinement of 
Steuding’s result, which for <7 = 1 gives the expected order of magnitude. 


Theorem 1.4. Let L(s) £ S be defined by the Dirichlet series 'f2„>i a L( n ) n s f or 
Res > 1. Assume that © holds and that 9 is an arbitrary given real number. Then 
for every sufficiently large T, there is a > 1 and t £ [T , 2T] such that 

Ree _ ‘ e logL(cr + it) > k logloglogT + 0(1). (11) 

In particular, 

\L(l + it)\ = ft((loglogf) K ). 

The remaining part of this paper is organized as follows. In Section[2]we give the 
proof of Theorem 1 1.2 1 using the resonance method. In Section [3] we prove Theorem 
11.31 using methods from inhomogeneous Diophantine approximation. In Section 2] 
we comment on possible further improvements of the method from Section [5J and 
we prove the upper bound given in Proposition ll.il Finally, in Section [5] we give 
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the proof of Theorems 11.41 


2. Approximation of L-function by a Dirichlet polynomial and the 

RESONANCE METHOD. 

Throughout this section, we assume that the assumptions of Theorem 11.21 are 
satisfied. In particular we assume that L(s) = X]„<i a L{n)n~ s denotes a fixed 
clement of the Selberg class with polynomial Euler product, and that a is a fixed 
real number from the interval [1/2,1). 


First we will show that a given L-function can be approximated by a corre¬ 
sponding Dirichlet polynomial with an extra smoothing factor e~ l ' n / x \ which will 
be negligible for small n. In order to do that, let us put X = T dL+E for some 
small positive e. It is well known that the Mellin inversion formula for the gamma 
function gives 

-1 /»2+ioo 

e -(n/.Y) = _ / T{w)n~ w X w dw (X > 0). 


2wi 


2 — 200 


Therefore, 


E 


a L(n) ( n / X ) _}_ 


^2+ioo 


2m 


L(s + w)T(w)X w dw. 


( 12 ) 


2—200 


Note that, by Stirling’s formula, the integration over |Im(wj)| > is bounded if 
t € [T, 2T], Thus it suffices to consider 


1 f 2+ 2 T 

-—: / L(s + w)T(w)X w dw. 

2m J 2 -.iT 


(13) 


Now we move the contour of integration in (1131) to the line Rew = —a. Since 
Imw +1 > T/2 , we pass only the simple pole of r(u>) at w = 0 where the residue 
of the integrand is L(s). Moreover, ([6]) implies that L(i(t + w)) <C X , ( dL+£ ) //2 . 
Therefore, by the choice of A, we have 

L( S + w)r(w)X W dw < rp(dL+e)(l/2-cr) ^ ^ 


1 

2-71* 


and, in consequence, for t £ [T , 2T], 

+ = + 0 ( 1 ). 

1 ^ 

n= 1 

Let us observe that for n > A(log X) we have exp (—n/X) < n ~ 2 / 3 , so the series 
J2 n >x( log A) ^dpl e -in/x) is bounded and we obtain 

L{a + it)= V ^M e -W x) + 0(1). (14) 

/ n. s 


1<T d L+ 2 e 


Now we use (fl4l) for the resonance method as introduced by Soundararajan [20] . 
Following his notation, let $ be a smooth function compactly supported on the 
interval [1,2] and satisfying 0 < <h(t) < 1 and <I>(f) = 1 for t £ (5/4, 7/4). Then 
the Fourier transform of $ satisfies $( 1 /) = f R ^>(t)e~ lty dt <C \y\~ v for any fixed 
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positive integer v. One can show (see (2) in [20]) that for any Dirichlet polynomial 
R(t) = J2 n <N r i n ) n lt we have 

M\ = Mi(R, T) \= f \R(t)\H(t/T)dt = T$(0)(l + O(l/T))Y / \r(n)\ 2 , 

n<r AT 


provided that N < T 1 E . 


Now let us consider 

M 2 = M 2 {R,T,a) := [ L(a + it)\R{t)\ 2 <&{t/T)dt. 
Jr 


Obviously, 


■ , .... \M 2 (R,T,a)\ 

max \L(a + it)\ > -- V \ . 

te[T,2T] V M±(R, T) 


(15) 


In order to estimate M 2 we notice that (fhH) implies 


M 2 = T E aL ^ r ^ r ^ e -WX)Q ( r i 0 g( mfc /n)) + 0(Mi(-R,r)). 

n,m<N k<T d L+ 2e 

and that the contribution from off-diagonal terms mk ^ n is 

«^E I^WI 2 E ^P«^E \r(n)\ 2 =<D(Mi(R,T)), 


n<N 


k<T d L+e 


n<N 


since 4>(Tlog(mfc/n)) -C T dL / 2 1 for mk ^ n, N < T 1 e , and since a^n) -C n e 
for any (arbitrarily small, fixed) e' > 0. Hence 


M 2 = T$(0) E QL ( fc ) r ( m ) r(n ^ e -WX) + o{Mx(R,T)), (16) 


mk=n<.N 

and it remains to prove that there is a resonator R(t) such that 


E 


a L (k)r(m)r(n) (k/x) 


mk—nKN 


E l r ( n )| 2 ^ ex P 

n<N ' 


(log IV) 1-0 
log log N 


Let us put r(ri) = aL,(n)f(n), where / is a non-negative real multiplicative 
function supported only on the square-free numbers. Then, for mk = n < N, 


E 


mk=n<N 


a L (k)r(m)r(n) _ (k/x) 
k° 6 


1 a L (k)r{m)r{ri) 

~ O 2-^ La 


ik—n<N 


since ai,{k)r(m)r(ri) = |ai,(A:)| 2 |ai(m)| 2 /(m) 2 /(fc) £ M>o, and exp(— k/X) > 1/2 
for k < T 1_e and sufficiently large T. Thus Theorem 11.21 follows easily from the 
following lemma, whose proof follows the proof of [2Ql Theorem 2.1] with the ap¬ 
plication of (H|) instead of the classical prime number theorem. 
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Lemma 2.1. For every a € [1/2,1) and every sufficiently large N there is a real 
multiplicative function f(n) supported on the square-free numbers such that 


E 

mk<N 


\aL(k)\ 2 \a L (m)\ 2 f(k)f(m) 2 

k a 


E \ a L(n)\ 2 f(n) 2 

n<N 


> exp 



(\ogN) 1 ~ a \ 
(log log N) 9 ^)) 


where 9(cr) and Cl (o') are the same as in Theorem A 1. 21 

Proof. Since f(n) is supported only on the square-free numbers and since both 
functions ai(n) and f(n) are multiplicative, we have 


E 

mk=n<.N 


aL(k)r(m)r(n) 


k° 


f(k)\ a L(k)\ 2 1 ( m 5 

= E - TZ - E /( m ) \ a L(m)\ 


k<N 


m<N/k 

gcd(fc,m)=l 


> y /w t lW|2 y « ! kwf 


k<N 


m<N/k 
gcd(fc,m) = l 




(17) 


k<N 


O 


p\k 


( 


E E f(m) 2 \a L (m )\ 2 


\ 


k<N 


m>N/k 
gcd(k,m) — l 




Applying the so-called Rankin’s trick for a > 0 we get that the error term above is 

f(k)\a L (k)\ 2 




N a ^ k a ~ a 

k<N 


«^n( i +(/w 




p\k 

2 + f(p) 

P <7 


p a \a L (p)\- 


Moreover the main term in ED is 

f(pY 


n 1 + /(p) 


\<*l(p)[ 


+° fI1 1+ 


f(p)p° 


I a L (p)\‘ 
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Therefore 




mk—n < CN 


(18) 


+ ° ( W n f 1 + (/M 2 + #) P"\ a M\ 2 


Note that 


Y \ a L(n)\ 2 f{n) 2 < I| ( X + f(p) 2 \ a L(p)\ 2 ) , 


n<N 


so our main purpose is to find suitable f(n ) such that the ratio between the error 
term and the main term in (11811 is o(l) and 

II ( 1 + (f(P) 2 + \ a L(p)\ 2 ^ j II ( X + f(P) 2 \ a dP)\ 2 ) (19) 

is large. 

First, let us consider the case a > 1/2. For any L , M depending on N and 
satisfying L = o(M) we put 

Ul/pY^ 0 if pe[cL,M), 

P 10 otherwise, 

where the choice of the positive constant c will be optimized later. From © we 
know that there exits E(x) tending to 0 as x —> oo such that 

Mril 2 = K j—t 1 + E ( x ))- 

logx 

p<x 

Then, taking 


M = L I min 


ma x x >l y/\E(x )\’ lo § lo S L J 


V x l/(2cr—1) 

=:Lg(L) 1 ^~ 1 '>, 


one can easily get 


Y J f{p) 2 \ a dP)\ 2 \°gv = L 2 ° y 


\ a L(p)\ 2 logp 


p 


2 a 


cL<p<X 
AvC 1_2<j K L 

- 1j —- 


2(7-1 


9{L)J ' 


2c — 1 g{L) 
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Therefore, for a = (logi) 3 , the ratio of the error term to the main term in (fT8l) is 


<TV-“II(l + (/(p) 


f(p ) 


( p a - 1 )Wl{p)\- 


< exp I - alogN + ay^J(p) 2 \a L (p)\ 2 logp + 

\ p p 


f (p) log p 


o>l(p) I 2 


+ 0 ( a 2 ^f{p) 2 (\ogp) 2 \a L {p)\ 2 


< exp I —a 


2o- - 1 g{L) 
where the last inequality holds if 


+ o \ a 


g ( L ) 


= o(l), 


r ( 2 a - l )^- 1 , Ar 
L =-log TV. 


( 20 ) 


Now, in order to estimate the ratio in (fl9l) it suffices to observe that /(p) 2 |cil(p)| 2 < 
c~ 2a m 2 and /(p)|ai,(p)| 2 /p' T = o(l). Then the ratio in (fl9l) is 

^ ( l + o(l) v- f(p)\a L {p)\ 2 \ 

> eX P I x , -9„_9 ' 


1 + c 2a m 2 ' p u 

p 


= exp 


(2cr — l)(c 2cr + m 2 ) 

c 2a(3/2-a) 


o(l) 


' 1 — <7 


log L 


= exp n a {2 <j — 1) a - 


c 2<T + m 2 


o(l) 


= exp I I K a m 1 ~ 2a ^ 2<7 ) 3 '* g + o(l) 


since the optimal choice for c is 


2(2<t — l) 1 / 2 


,3 — 2cr 


(log TV) 1 "' 
log log TV 
(log TV) 1- * 7 
log log TV 


c = TO' 


2(7-1 

This completes the proof in the case a > 1/2. 


Now we assume that (7 = 1/2, and we define 

, f , if p £ IX, Ml; 

/(p) = z l j 

[ 0 otherwise, 

where, as before, L and M depend on TV and L = o(M). As in the case cr > 1/2 one 
can show that the ratio of the error term to the main term in (1181) is o(l), provided 
that M/L has sufficiently small order of growth depending on E[x) and 

L = n~ l log TV log log TV. 

For this choice of L , by the fact that /(p) 2 |<Jl(p)| 2 = o(l), the ratio in (fTTJl) is 
> exp ((1 + .(D)VIE hdjA) = exp ((1 + °(l))yLj^) , 
and the proof is complete. □ 
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3. Inhomogeneous Diophantine approximation. Proof of Theorem 11.31 

The classical Kronecker approximation theorem states that for real numbers 
a\,... ,a n and for real numbers Ai,..., A„ which are linearly independent over the 
rationals, for every given e > 0 there exists a real number t such that 

\\X k t- a k \\ < e, 


where || • || denotes the distance to the nearest integer. A quantitative form of this 
theorem in the homogeneous case ol\ = • • • = a n = 0 is at the core of Montgomery’s 
proof of m, and similarly a quantitative form in the inhomogeneous case, due to 
Weber, is at the core of the argument of Pankowski and Steuding. However, when 
carefully examining the argument in [18] it turns out that what is required is not 
necessarily an approximation result for the £°° distance (which is represented by 
the norm || • ||), but that an approximation result which holds “on average” in a 
certain sense is also suitable for this purpose. The subsequent lemma, which is due 
to Chen [6], provides such a result for the f 2 -error in inhomogeneous Diophantine 
approximation. The result is stated in a multidimensional form in Chen’s paper, 
but we only require it in the one-dimensional setting. In the statement of the 
lemma, M denotes a positive integer. 


Lemma 3.1 (|6] Theorem 1 (i)]). Let Ai,..., X n and Pi,... ,p n be real numbers, 
and assume that they have the property that for all integers u \,..., u n with \up < M 
the fact that 

rtiAi + • • • + u n X n = 0 


implies that 


uiPi + ■ ■ ■ + u n p n is an integer. 


Then for all positive real numbers Si,... ,5 n and for all real numbers Ti < T 2 we 
have 


inf V<yA,t-, 

tGlTi.Ts)^ 

3 =1 


< 


■ sin 


2(M + 1) 


AM” 

47rA(T 2 -Ti)’ 


where 

n 

3 =1 

and 

A = min ||uiAi + • • • + u n A„| : Uj are integers with 

\uj\ < M, 1 < j < n, and rtiAi + • • • + u n \ n ^ 0. j 

The subsequent lemma follows from a combination of !.18 : , Corollary 4.2] with 
equation (7) of [183 • I 11 the statement of the lemma and in the sequel, S denotes the 
number from axiom (iv) of the definition of the Selberg class (where it is assumed 
that S < 1/2) and the numbers uj p are such that Ol(p) = | ai(p)|e“ p . 


Lemma 3.2. Let so = cr + Uq, and assume that a € [1/2,1) and to > 15. Fur¬ 
thermore, assume that L(a' + it) 0 for a' > 0 and \t — to\ < 2(logto) 2 - Then for 
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x > 2 we have 

Re e~ lB logL(s 0 +iti) > ^ ^ \ a L(p)\ cos ft 0 l 0 gp _ (i - 

|logf|<l 

+ O (2x(log t 0 )~ 2 ) + O ^ x 2S - 2a+1 / 2 log x 
for some ti <E [-(logt 0 ) 2 , (logi 0 ) 2 ] 0 



( 21 ) 


Proof of Theorem 1 1. .91 Throughout the rest of this section we assume that all the 
conditions required for the validity of Theorem 11,31 are satisfied. Let T be given, 
and assume that T is “large”. Wc will apply Lemma 13.21 with 


x = B log T, 


where B is a positive number that will be chosen later. Let pi,... ,p n denote the 
primes in the interval [x/e, ex]. Then we can write the sum in (1211) as 


\ a L(Pj)\ u ! \ ( 

E a cos (*olog Pj-u pj ) ( 

1=1 

We will use Lemma l3Jl with M 


1 - 


log 


Pj 


')+£> (2x(log t 0 )" 


2 )+0 (x s ~" +1 / 2 


= 4, 



and 


_ logpj R _ Wj 

3 2tt ’ ^ 2tt 





^The second error term, which contains the contribution of the numbers n = p l for l > 2, is 
given as x s /(\ogx) in □i- However, this is not necessarily smaller than the main term, which we 
will show to be of size roughly x 1 ~ <T . Still, some calculations show that the error term can actually 
be bounded by O ^ 2<5 - 2o '+ 1 / 2 log x ). Since by assumption 5 < 1/2 we have 25 — 2cr +1/2 < 1 — cr, 
as necessary. In the following lines we show how to obtain this upper bound. We have to give an 
upper bound for 


E 

I log §l< 1 , 

n=p l , l >2 


l fc Ml 

n a 


Obviously we can assume that l <C log#. We know (axiom (iv)) that \b(p k )\ <C p k5 • Let’s start 
with 1 = 2. The contribution is at most 


E 

ic<p2 <e 


l fe (P 2 )l <*- x 1 / 2 — ^ 25 —2er+l/2 

(p 2 R X 2 ° 


In a similar way, for l = 3 we get a contribution of at most 

x 35-3a+l/3 ^ x 26-2*+l/2 


since 5 < a. We get similar bounds for the contribution for larger values of l , and, as noted, we 
can assume that / <C logo:. Thus the total error is at most 

a ,25-2 CT+ l/2 loga , 
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Then the first condition of the lemma is satisfied due to the linear independence of 
the logarithms of the primes. For the number A we get the lower bound 

, 4 


e 27rA > 


(n”.,p,) 


1 


4 > 


which implies that 

A e ~( 1 + s ) ex = g-(l+e)4eB logT 

by the prime number theorem (for any fixed e > 0). Thus by Lemma 
two numbers Ti < T 2 we have 


( 22 ) 
for any 


inf V Sj 
t. t„ , 2 .—' ■ 


te[Ti,T 2 ) 


i=i 


t log Pj — uij 


2t r 


< 


A .2 (ir\ 

— sin — 

4 V10/ 


4 n A 


4ttA(T 2 - Ti) ’ 


where A = $j- Note that 


cos y > 1 — 


2ir 


y e 


Thus we obtain 


j — 1 s 


>0.52 


and, if we can guarantee that 


< 


1 


(23) 

(24) 


4ttA(T 2 -Ti) “ 100’ 

then we have 

n 

y dj cos(to log Pj — uj pj ) > 0.51 A. 

j=i 

Choose n < rj, where p is the number from d9]), and assume that B satisfies 
4e£? < p. Furthermore, define 

T (r) = [T + (r - 1)T^, T + rT »), 1 < r < 

Then by 11221) and since n <C (logT)/(loglogT) for sufficiently large T we have 

4™ 


> 100 


4-7tA ’ 


which means that C3l) holds for T\ and T 2 being the left and right endpoints of 
an interval T^ r \ respectively. Furthermore, by |9]), for sufficiently large T there 
exists an index r G [2,T 1_A< — 1] such that L(cr' + it) ^ 0 for a' > cr and t G 
( T r ~ 1 UT r U T r+1 ). Thus by Lemma T3.21 and (l24l) we have 

Ree _z0 logL(so + it 1 ) > 0.51 A + O (2cc(logto) 2 ) + O ^;r' 5_0 ’ +1 ' /2 loga;^ 
for some to € T r and ii G [—(log to) 2 , (log to) 2 ]. In particular we have 


max Ree 16 log L(a + it) > 0.505A, 

T<t<2T 


(25) 


provided that T is sufficiently large. 
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It remains to give a lower bound for A. We have 


A = 


E 


Wl(p)\ 


1 - 


log 


P 


B\ogT 


| lo 8 B log T l^ 1 

In this sum everything is non-negative. Thus a lower bound for A is 


E 


Wl{p)\ 


I !°g infer l <!/ 2 
By (fTOl) we have 


1 - 


log 


P 


B\ogT 


> 


E 


Wl{p)\ 


I !°g B logT I- 1 / 2 


2(e 1 / 2 i? log T) c 


( 26 ) 


> 1/2 


E \ a dp)\ ~ (e 1 

I lo g infer I —V 2 


/ 2 _ e -!/2 


RlogT 

;- . 

log log T 


Combining this with (B5l) and (EE1) and choosing g and B such that B is only slightly 
smaller than gj(\e) we obtain 


> 


> 


max Re e 10 log L(a + it) 

T<t<2T 


0.505 (e 1/2 - e“ 1/2 

(i ~ e_1 ) K ( n 
4 


\ , B log 1 1 

J ( 1 + °( )) K i og logy 2 (e 1 / 2 RlogT) 
\ 1 ~ a (log T) 1 ~ ry 
) log log T ’ 


<7 


for sufficiently large T, which proves Theorem 11.31 


□ 


4. Upper bounds. 

This section deals with upper bounds for possible large values of L-functions. 
First, we will discuss what one can possibly gain by adopting our method from 
Section [2] and using a different resonator function r(n). It will turn out that 
by doing so we may only improve the constant Cl(ct) in Theorem 11.21 In other 
words, we cannot expect to get a lower bound greater than max te [ r 2 T] \L(a + it)\ > 
exp (c(logT) 1-CT /(loglogT) e ( cr )), unless we carry out some significant modifications 
of the proof. We shall focus only on the case cr > 1/2, for which it is more rea¬ 
sonable to ask for possible improvements. Nevertheless, one can easily adopt this 
argument for a = 1/2 to get similar conclusion. 


Indeed, using the notation from Section [2] it suffices to estimate the ratio 


E 

mk—n<.N 


a,L{k)r(m)r(n) 

1? 



(27) 


Note that for every positive real function g{k) we have 2\r(m)r(mk)\ < |r(mfc)| 2 / g(k)+ 
g(fc)|r(m)| 2 . Thus for any such function g the numerator of (1271) is bounded above 

by 


\ E i r ( n )i 2 

Z n<N 


E 

k<N/n 


g(k)\a L (k)\ 

k a 


y- |«L(fc)| 

k a g(k) 

k\n ’ 


( 28 ) 
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Now let US put 


g(k) = 


\ a L(k)\f(k), a L (k) ^ 0, 

f(k) otherwise, 


otherwise. 


where f(k) is a multiplicative function such that f{p k ) = min(l, ( L/p k )@) with 
1 — a < /3 < a and L = log N. 

Then, noticing that f(p k ) < f{p) for every prime p and any positive integer fc, 
the assumption of the Selberg normality conjecture (H|) gives 



(29) 


Next, from the definition of /(fc), we have for n < N that 



Therefore, from fUD, and the definitions of Mi and M 2 we see that this 

method can ensure the existence of large values of L-functions of size at most 



Thus our resonator function was already chosen in a way which is essentially opti¬ 
mal; this is also in accordance with the results in m- The only possibility for a 
significant improvement seems to be to increase the value of N far beyond T 1-e , as 
in mm in the context of large values of the Riemann zeta function. However, the 
method of constructing a “sparse” extremely long resonator cannot be transferred 
from the Riemann zeta function to general L-functions, since it depends crucially 
on the fact that all coefficients in the Dirichlet series representation of () are positive 
reals. 

Now let us prove Proposition ll.il which states that, in general, it is impossible 
to find large values greater than exp (c(log T ) 2 ~ 2a /(log log T)) as long as we assume 
the truth of an analogue of the Riemann hypothesis for a given L-function. 
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Proof of Proposition [1771 We closely follow the proof of [23| Theorem 14.5], where 
it is shown that our assertion holds for the Riemann zeta-function. Hence we shall 
be very sketchy (see also [HI P-74 75]). 


It is easy to see that using the Borel-Caratheodory theorem one has 

max \log L(z)\ -C -It log f, 

\z— 2— it\<3/2—5' 0 

since RelogL(,j) <C logt if \z — 2 — it\ < (3 — <5')/2. Moreover, since cil(p) = b{p) 
and b(p k ) <C p kS for some S < 1 / 2 , assumption (Q implies that 


| log L(x + it)\ < £ Y, 4 S?TT < E ^P|L ^ WTT^Y 

X>1+Ti n Ml+r\) — Z—/ v l+ri v k{l-5) 

p k>l y P P k>2 1 


max 


EE 


< 


(1 + ,)jf 


E, s Mri! + «1 


provided p is sufficiently small. Hence, using Hadamard’s three-circles theorem and 
taking S' = p = (loglogt ) -1 we obtain that 


log L(a +it) « (logf ) 2 2,7 log log t for - + -—i —- 

2 log log t 

Now, recall that Kaczorowski and Perelli m proved that 


< a < 1. 


(30) 


N l (T) = EyiogT + c l T + O(logT) for some c L > 0, 

where Nl(T) counts the non-trivial zeros p = (f+i'y of L{s) with |'y| < T. Moreover, 
as it was shown in [21 Lemma 4] or pB] Lemma 5], for —5/2 < cr < 7/2, 


^'( s ) _ \' 1 
L(s ) s — 1/2 — *7 


■O(log|t|). 


Since the number of terms in the sum is -C log t, we obtain 


L'(s) 

L(s) 


< log t 


^4 


and 


L'(s) 

L{s) 




logf 5 7 

-—- 7 + log t uniformly for-< cr < —. 

min {\t — 7 } 2 2 


Hence, for each interval (n, n + 1) we can find t n such that 

L'(s) ,, . 2 , p , p 5 7 

~rr T ^ (l°g*) uniformly for -- < a < -, t = t n . 

L{s) 2 2 

Now let Az,(n) denote the coefficients of —L'(s)/L(s). Then, using a method of 
contour integration one can show that 


Al(») c _Sn _ __ 


h! m nz ~ s) 


27TJ , 

L\s) 

L{s) 


L(z ) 


TTT^ 

L(z) 


(31) 


-Y j r{p~s)8 s -P + 0{e~ ct ). 

















LARGE VALUES OF L-FUNCTIONS FROM THE SELBERG CLASS 


19 


Hence, short calculations give 

- 77T = E — P- e ~ Sn + E r (-°- s ) (5S_P + (32) 

1j\ S ) Tl 

x ' n p 

Applying again the fact that Nl(T+1) — Nl(T) -C log T gives that the second sum 
on the right-hand side of (13^1) is -C <5 CT “ 1 ' 2 logf. In order to estimate the first sum 
on the right-hand side of (l32l) we use again (1311) and move the path of integration 
to Re(z) = cr. Then we have 

rE) e -*»« r i 

n s 


Taking 5 = (log t) 2 gives 


L'{s) 

L (s) 


< (logt) 2 


which, together with (l30l) . easily implies that 


logL(s) <C 


(logt) 2 2cr 
log log t 


In order to get the upper bound for cr = 1 it suffices to integrate (1321) over the 
interval [1,7/2] with <5 = (logf)~ 2 . Then, by Ramanujan’s conjecture and the fact 
that a_L (p) "C p e , we have 


, ogL(1 + j() < E M +0 A 


, — 8n 


0 ( 1 ) 


i<N 


\,n>N 


^ E 


Wl(p)\ 


n<N 


+ 0 (^) +0(1) ' 


From partial summation and ([3]) , one can easily see that the first sum is < k log log N+ 
0(1). Thus taking N = 1 + [log 3 1] completes the proof. □ 


5. Further application of Chen’s theorem. Proof of Theorem 11.41 


First note that for cr > 1 we have 

Wl(p)\ 


Ree 10 log L(s) > ^ 


■ COS 




P u 


(tlogp + 0-u p )-^2 


Wl(p)\ 


0 ( 1 ), 


p>x 


since b(p>) <C p■ J<5 for some 5 < 1/2. 

Now, let pi,... ,p n denote all primes not exceeding x. Then, as in the proof of 
Theorem II. 31 we use Lemma HTTl with M 2 = log log log T, Ti = T,T 2 = 2T, 


- lQ gPj a. - u pj ~ 

2t r ’ 2 tt 


and 


\^l(pj)\ 


Then, for B = 1/(2 M), we get M n A~ 1 /T = 0(T -1 / 4 ) and 


max \ 

T<t<2T 

p<x 


cos (t logp + e - Up) > (1 + 0(M~ 2 )) 

^ P<x 


Wl(p)\ 

pa 
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Next, one can easily get from J3J and the classical second mean value theorem 
that 

|ol(p)| / 1; „ ft , f V S P <u \ a L{p)\ 


E 

p>x 


p° 


< lim (1 + a) / 
y^°° Jx 

1 r 

Jx 


,1+a 


-du + 0{ 1) 


„1 — <7 


u a du -C 


log x J x ~ (o--l)logx’ 

which is 0(1) if a > 1 + 2 y- and cr -C 1. 

Moreover, by partial summation, we get 

E p <»K(p)I 


I°l(p)I > 


p< X 


P° J 2 


/(T+l 


-du + 0(1), 


and again J3]) yields 

y- Wl(p)\ = 
■“ P a 

p<x 


12 U a+1 logit 


du + O 


du 


1 2 U log U 


0 ( 1 ) 


= reli(x i_<T ) - reli(2 i - CT ) + 0(1) = -reli^ 1 " 17 ) + 0(1), 

where the last equality is fulfilled for cr > 1 + 2 lc ) g - . 

Now, recall that it is well known (see for example [T71 Eq. (9)]) that 

11(0 =C + log(-log0 + E 


3 =1 


J -J 


for some positive constant C and any £ with 0 < £ < 1. Therefore, — li(2 1 a ) = 
log + 0(1), and taking a = 1 + leads to 

Ree 10 logi(s) > (re + 0(M~ 2 )) log log x + 0(1), 
which proves (HU by recalling that x = 

In order to show the second assertion, let us write f(s) = L(s)/(loglogs) K and 
assume that /(I + it) = o(l). Obviously /(2 + it) = o(l). Therefore, by the 
Phragmen-Lindelof principle, we get a contradiction with CO- 
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